A key component of explaining the array of galaxies observed in the Universe is the feedback of active galactic nuclei, each powered by a massive black hole's accretion disc. For accretion to occur, angular momentum must be lost by that which is accreted. Electromagnetic radiation must offer some respite in this regard, the contribution for which is quantified in this paper using solely general relativity under the thin-disc regime. Herein, I calculate extremised situations where photons are entirely responsible for energy removal in the disc and then extend and relate this to the standard relativistic accretion disc outlined by Novikov & Thorne that includes the effect of viscosity. While there is potential for the contribution of angular-momentum removal from photons to be 1% out to ∼10 4 Schwarzschild radii, especially if the disc is irradiated and is liberated of angular momentum through scattering, it is more likely of order 10 2 Schwarzschild radii if thermal emission from the disc itself is stronger. Near the horizons of fast-spinning black holes, these modes of angular-momentum liberation become dominant.
INTRODUCTION
It has long been widely accepted that active galactic nuclei are powered by gravitationally liberated energy from accretion discs around massive black holes (Lynden-Bell 1969) . While the study of accretion is an interesting prospect in itself, the feedback it ensues is significantly consequential for the evolution of galaxies as well (e.g. . To truly gauge the effect of feedback requires highly detailed cosmological hydrodynamic simulations that selfconsistently track the growth of black holes and the emission from their accretion discs. However, even the most state-of-the-art simulations presently (e.g. Vogelsberger et al. 2014; Schaye et al. 2015) are unable to resolve accretion discs, and must use subresolution models to describe their physics (e.g. Booth & Schaye 2009 ), in a similar vein to semi-analytic models (e.g. Croton et al. 2006 ). An analytic understanding of the functioning of accretion discs is hence key for this cause. * astevens@swin.edu.au
In the simple picture of a thin accretion disc, particles quasi-statically shrink on equatorial circular orbits (where pressure forces are assumed negligible) until they reach the orbit of lowest energy, otherwise known as the innermost stable circular orbit (ISCO), after which they are assumed to be captured by the black hole (Lynden-Bell 1969; Bardeen 1970) . In doing so, those particles must be liberated of their angular momentum. Either angular momentum is lost through the disc out to higher radii, or it is emitted vertically and removed from the disc entirely. The latter occurs naturally through thermal emission of the disc and through scattering of photons if the disc subject to irradiation from an external source. It is of interest then to assess the contribution of angular-momentum liberation that photons provide in order to better understand the process of accretion itself. This paper aims to assess exactly this and does so by using purely general relativistic arguments.
In Section 2 of this paper, relevant mathematical formulae for studying accretion discs are outlined. General relativistic calculations are performed based on these formulae in Section 3, where limiting cases for the liber-2 A. R. H. Stevens ation of angular momentum via photons, as well as from the standard Novikov & Thorne (1973) disc, are considered. A discussion surrounding the limitations and validity of the thin-disc picture assumed is provided in Section 4, with concluding remarks in Section 5.
MATHEMATICAL FORMALISMS AND BACKGROUND
The unique metric for spacetime around a (noncharged) rotating source mass (e.g. a black hole) was first discovered by Kerr (1963) , usually now written in Boyer-Linquist coordinates (Boyer & Lindquist 1967) , for which the invariant interval is
where c is the speed of light and Table 1 outlines the remaining symbol definitions. The metric is stationary, axisymmetric, and, as Carter (1968) showed (but see also Misner, Throne & Wheeler 1973, §33.5) , exhibits four constants of motion. 1 Two of these constants are the azimuthal and time components of covariant fourmomentum. Taking the limit r → ∞, one finds these to be relativistic analogues of energy and azimuthal angular momentum, usually referred to as the energy and angular momentum "at infinity". Often the "at infinity" is dropped and the usual symbols for these quantities are used, i.e.
When discussing the emission or transport of energy or angular momentum in accretion discs (or Kerr geometry in general), these are the quantities that are meant. Throughout the rest of this paper, most quantities will be expressed in a dimensionless form, represented by a bar placed on the quantity of interest. Often this means normalising to the Schwarzschild radius, e.g.r ≡ r/r s ,ᾱ ≡ α/r s .
By analysing equations of motion for particles in a Kerr spacetime, Bardeen, Press & Teukolsky (1972) obtained expressions for the energy and specific angular momentum for circular (i.e. p r = 0), equatorial (i.e. θ = π/2 and p θ = 0), Keplerian (i.e. gravity is entirely centrifugally balanced) orbits:
where upper signs are for prograde orbits and lower signs retrograde. Note that m represents the rest mass of a particle (at infinity), not its inertial mass. By checking the derivatives of these quantities,
one finds these two relations share a common minimum, referred to in the literature as the ISCO, wherē
Under the picture where particles transition between infinitesimally adjacent orbits in the process of accretion (until they reach the ISCO), the above equations provide the starting point for calculating how much specific angular momentum can be lost from photon emission and/or scattering. Hereafter, the use of E and L z (with or without bars, but without further subscripts) refers to the orbiting states for which these equations (3-5) apply. 
RADIATING AND SCATTERING AWAY ANGULAR MOMENTUM
In each of the following subsections, the relative specificangular-momentum loss to photons in an accretion disc, −dL z,γ /dL z (where subscript γ is for photons), as a function of radius, is calculated for a different idealised situation, where each builds on the last. Each result is plotted for comparison in Fig. 1 for r ≥ r ISCO . The models considered here are all of thin, relativistic accretion discs, whereby the mathematics of Section 2 is applicable.
Upper limit without viscosity
Before considering consequences for other forms of energy transport, the energy carried away by a photon created by a particle moving to an adjacent lower-energy circular orbit should, at most, be the energy difference between the orbits. This can be written in terms of differentials as
The angular momentum carried away will be further maximised if the direction of emission is initially completely in the φ-direction. Let us write the (contravariant) four-momentum components of the photon emitted from the infinitesimal orbit transition as dp µ . Because photons have no rest mass, it must hold that g µν dp µ dp ν = 0, where g µν are the metric components obtainable from Equation 1. Further recognising that −dE γ = dp t = g µt dp µ (cf. Equation 2a), one is left with simultaneous equations under this extremised picture: g tt dp t + g tφ dp
g tt (dp t ) 2 + 2g tφ dp t dp φ + g φφ (dp
Solving these equations, recognising dL z,γ = dp φ = g tφ dp t + g φφ dp φ in this maximal limit (cf. Equation 2b), and using Equation 6, one obtains
With some algebraic manipulation and use of Equation 4, one can obtain an explicit form of dL z,γ /dL z = dL z,γ /dL z in terms ofr andᾱ, as shown in Fig. 1 for a non-spinning and maximally spinning black hole (solid lines). While it is difficult to conceive of a mechanism that would cause emitted photons to travel initially completely in the φ-direction, the mathematics shown here is completely applicable to and could be better motivated by the case where photons are instead shone on the disc by an external source and scattered. One can still consider the scattered photons to increase their energy by the scattering particle's orbital energy gap, where the angle at which the kick to the photon is given would depend on the photon's angle of incidence and initial energy relative to that of the particle it encounters. While thermal emission is expected to be closer to isotropic (in the particle's frame, as considered in Sections 3.2 and 3.3), scattering could well be anisotropic, potentially focussed in the φ-direction. An external irradiative source is observationally motivated by X-ray reflection spectra generated by accretion-disc coronae, which provide a means for measuring black holes' spins (for a review, see Reynolds 2014) . At very high redshift, the cosmic background radiation could also provide a strong irradiative source (e.g. Fukue & Umemura 1994; Mineshige, Tsuribe & Umemura 1998) .
Already from this upper-limit analysis, it is clear from Fig. 1 , and perhaps unsurprising, that radiation and/or scattering are insufficient by themselves to liberate an accretion disc of its necessary specific angular momentum. They do, however, have the potential to contribute a notable fraction ( 1 %) out to 10 4 Schwarzschild radii. (Specific) angular momentum lost to photons relative to the (specific) angular-momentum gap between adjacent, equatorial, circular orbits in a relativistic accretion disc as a function of radius. Thick curves apply for an accretion disc around a non-spinning black hole, while thin curves are for a hole spinning withᾱ = 0.499 (the maximum of Thorne 1974) . The solid curves provide upper limits for transitions between adjacent orbits, assuming photons are emitted or scattered exactly in the φ-direction and carry the energy of the orbits' difference, as calculated in Section 3.1. The dashed curves are the same except they assume emission is angled to the accretion disc plane such that the φ-velocity of the photons more realistically matches that of the disc itself (see Section 3.2). The dot-dashed curves follow the solution of Novikov & Thorne (1973) , which include effects of viscous torques (outlined further in Section 3.3), where radiation is essentially shown to only be an efficient transporter of angular momentum ( 1%) within ∼100 Schwarzschild radii. The dotted curves assume photons are scattered (or emitted) in the φ-direction but account for the role of viscosity (Section 3.4).
Pure relatively isotropic emission
The previous subsection described photons all being emitted or scattered in the φ-direction, which is difficult to physically motivate. A more realistic scenario is one where each photon is emitted with statistical isotropy from the frame of the emitting particle, and scattering contributes negligibly towards altering the average momentum-impartment angle. For a non-rotating disc, this would make the average direction of emission from each face of the disc vertical (i.e. initially completely in the ±θ-direction). For a rotating disc perceived from an external frame (i.e. one static with the Boyer-Lindquist coordinates), this can then be modelled by stating that photons are emitted in the φ-θ "plane" with a threevelocity in the φ-direction equivalent to that of the disc, naturally a function of radius. This (angular) velocity is found as
Recognising 
One can simultaneously solve Equations 7a and 10 (for the latter, when considering photons, the left-hand side should read dp φ /dp t ) to obtain explicit functions for dp t and dp φ . Further calculating dp φ = dL z,γ , one obtains
consistent with the report of Lynden-Bell (1986, §3.10).
By restoring the limiting assumption of Equation 6
, combined with use of Equation 4, one finds an explicit form of dL z,γ /dL z , as presented by the dashed lines in Fig. 1 . For non-spinning black holes, the analytic relation simplifies to
which further reduces to the Newtonian case presented by Johnson (2011) for r r s . Under this picture, one finds that specific-angularmomentum transport by photons is important beyond the percent level only out to ∼50r s . For nonspinning holes, as particles approach the ISCO, radiative angular-momentum emission efficiency approaches 25% though. For maximally spinning black holes, the efficiency approaches 87% near the ISCO.
Relatively isotropic emission with viscosity
Both previous subsections considered the limiting role of photons without any additional form of angularmomentum transport. Because photons are unable to remove all the necessary angular momentum if they remove all the necessary energy, some other mechanism must remove angular momentum, which consequently must reduce the energy liberated by photons too. The standard thin accretion disc model proposed by Shakura & Sunyaev (1973) , and extended to be relativistic by Novikov & Thorne (1973) , considers angular momentum to be transported radially through viscous torques, in addition to removal from photons, in an accretion disc whose structure is completely stable (i.e. not a function of time). If dL z,visc /dr represents the radial net removal of specific angular momentum from viscosity during a particle transition to an infinitesi-PASA (2015) doi:10.1017/pas.2015.xxx Liberation of specific angular momentum 5 mally adjacent orbit, then it must hold that
With some small rearranging, the solution derived purely from the continuity equations of rest mass, angular momentum, and energy by Novikov & Thorne (1973) provides
An analytically integrated form of Equation 14h can be found in Page & Thorne (1974) . As for the previous subsections, dL z,γ /dL z is presented for the Novikov & Thorne (1973) model in Fig. 1 as dot-dashed lines. For non-spinning black holes, the liberation of angular momentum from photons at low radii is noticeably less effective than the previous limiting cases. Faster spinning holes show their accretion discs to still be efficient radiative angular-momentum removers; for maximally spinning holes, as particles in the accretion disc approach the ISCO, photons carry off the vast majority of angular momentum required.
One may have expected the dot-dashed lines in Fig. 1 to lie underneath the dashed lines (i.e. the result of Section 3.2), but evidently they do not forr 10. Without removing the requirement of isotropic emission from Section 3.2, this must mean that the photons also carry away more energy between orbits than the energy gap of those orbits. By writing an energy outflow balance equation (i.e. an energy version of Equation 13), Relative energy scattered or emitted by photons between infinitesimally adjacent orbits for a Novikov & Thorne (1973) accretion disc (solid curves, Section 3.3) and a scatteringdominant viscous disc (dashed curves, Section 3.4) around a nonspinning (thick curves) and maximally spinning (thin curves) black hole. Where the curves pass above a value of 1 (dot-dashed line), extra energy is radiated away, transferred from within the disc via viscosity. The dotted line indicates an asymptote; at large radii, a massive particle in the disc emits a photon with thrice the necessary energy to reach its adjacent lower orbit to account for energy supplied by viscosity.
one concludes that, in transferring energy radially outward, viscosity provides a net energy source to the accreting particles (i.e. more energy is gained than lost from viscosity and therefore dĒ visc /dr < 0) at higher radii. For particles to fall down to adjacent orbits then, they must also liberate this extra energy they accumulate (i.e. dĒ γ /dr must increase to balance Equation 15). Using a combination of Equations 3a, 10, and 14, one can determine dĒ γ /dĒ to show that this is indeed the case. This is plotted in Fig. 2 (solid curves) , which shows that the extra energy needed to be liberated from viscous heating is twice the energy gap between adjacent orbits, when consideringr 10 3 . Of course, the absolute energy gap between adjacent orbits tends to zero asr → ∞. Combined with accretion discs having higher densities toward their centres, it is physically reconcilable for viscosity to only have a net energy-loss effect near the ISCO, as Fig. 2 implies.
Scattering with viscosity
As mentioned in Section 3.1, if scattering photons is a more dominant mechanism for removing energy and specific angular momentum from the disc than thermal emission, the momentum imparted on photons could be pointed closer to the φ-direction. The working above provides a way to calculate the maximum loss of specific 6 A. R. H. Stevens angular momentum from scattering when viscosity is taken into account.
One can consider taking the same energy lost to photons from Section 3.3 but instead pointing (or, rather, for the case of scattering, kicking) those photons in the φ-direction. The relative increase in specific-angularmomentum loss can then be found by taking the ratio of Equation 8 to Equation 11. However, by increasing dL z,γ /dr, it must be true that dL z,visc /dr decreases, in order to satisfy conservation of angular momentum (Equation 13). If dL z,visc /dr decreases, then so must dĒ visc /dr by an amount found by taking the ratio of Equation 13 to Equation 15 after making the viscosity terms the arguments for each:
where subscript 3.3 implies the quantities as determined from Section 3.3. Consequently dĒ γ /dr must increase from energy conservation (Equation 15), and therefore dL z,γ /dr must be higher than initially calculated. One can iteratively work through these calculations until finding a converged result. Using the above method, one can calculate dL z,γ /dL z for photon scattering with the effects of viscosity included. This is shown by the dotted lines in Fig. 1 . Consistent with the above results, under this regime, accretion discs are generally more efficient at removing angular momentum through scattering, and remain efficient above the percent level beyond 10 4 r s . Note that in Fig. 1 , the dotted curves cross the respective solid curves at the same radii as the dot-dashed cross the dashed. That is, the radius at which dL z,γ /dL z is the same with and without viscosity is independent of the direction that momentum is imparted onto photons.
As was the case for the standard Novikov & Thorne (1973) disc, dĒ γ /dĒ asymptotically approaches a value of 3 for increasing radii, but does so more slowly. It also exceeds a value of 1 at the same radius, as displayed by the dashed curves in Fig. 2 .
DISCUSSION OF THE THIN-DISC PICTURE
The inclusion of viscosity in Sections 3.3 and 3.4 says nothing of the source of viscosity. Magnetism is the favourite source, as molecular viscosity would be vastly insufficient (Lynden-Bell 1969; Shakura & Sunyaev 1973; Lin, Liu & Xiaoqing 2013) . A full consideration of the effects of magnetic fields on accretion discs would require relaxation of the assumption that particles follow Keplerian orbits in the accretion disc. Furthermore, that assumption neglects the possibility of advection-dominated accretion flows (Narayan & Yi 1994) . In this sense, the above models are limited.
One may expect the inner part of accretion discs to rotate in the black hole's equatorial plane, even if they were initially tilted, due to Lense-Thirring precession (Bardeen & Petterson 1975; King et al. 2005) . While warping or even breaking of discs has been demonstrated with post-Newtonian hydrodynamic simulations, this will not occur if the alignment timescale vastly exceeds the accretion timescale (Nealon, Price & Nixon 2015) . Recent general relativistic magnetohydrodynamic (GRMHD) simulations of initially tilted discs suggest this effect is indeed too weak to cause alignment, although the effect is seen more strongly in retrograde discs Zhuravlev et al. 2014) . GRMHD simulations have shown a "magneto-spin" alignment to occur for magnetically saturated discs (McKinney, Tchekhovskoy & Blandford 2013) to account for this, but the Keplerian-orbit picture becomes even less physical in this regime.
Even assuming a thin Keplerian disc, the above models neglect ejection of matter as a means of liberating specific angular momentum. A mechanism for ejection that would also raise the specific angular momentum of the ejected material (and therefore lower that of the material that remains in the disc) would be needed. Shakura & Sunyaev (1973) hypothesised that a disc accreting at super-Eddington rates could cause vertical ejection of matter, but there is little motivation for the ejecta to steal extra specific angular momentum on their way out. Meanwhile, the standard picture of jet formation has the ejecta steal energy from the black hole itself rather than the accretion disc (Blandford & Znajek 1977) . Matter ejection is likely legitimately negligible for the consideration of this work then.
An implicit assumption in the calculations of Section 3 was that discs are sufficiently extended. Sections 3.1 and 3.4 suggested a disc extending beyond a few ×10 4 r s would be valid for their consideration of angular-momentum loss through scattering. Where thermal emission is more important, calculations in Sections 3.2 and 3.3 suggest a disc extending a few ×10 2 r s would enter the regime where radiation is negligible for angular-momentum loss, and hence the picture within would be valid (cf. Fig. 1 ). Within their uncertainty, observations of microlensed quasars are consistent with accretion discs extending to order 10 2 r s (e.g. Jiménez-Vicente et al. 2012 , 2014 , 2 while attempts to confirm further extension would be difficult due to the expected relatively low brightness at large radii.
A further assumption of the above was that the mass of the accretion disc itself is negligible compared to the black hole. If instead they were comparable, particles at larger radii would see a greater internal mass, and
